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We propose a new notion of credibility for Bayesian persuasion prob-
lems. A disclosure policy is credible if the sender cannot profit from
tampering with her messages while keeping the message distribution
unchanged. We show that the credibility of a disclosure policy is equiv-
alent to a cyclical monotonicity condition on the policy’s induced dis-
tribution over states and actions. We also characterize how credibility
restricts the sender’s ability to persuade under different payoff struc-
tures. In particular, when the sender’s payoff is state independent, all
disclosure policies are credible. We apply our results to the market
for lemons and show that no useful information can be credibly dis-
closed by the seller.

I. Introduction

When an informed party (sender; she) discloses information to persuade
her audience (receiver; he), it is in her interest to convey only messages
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that steer the outcome in her own favor: schools may want to inflate their
grading policies to improve their job placement records; credit rating
agencies may publish higher ratings in exchange for future business.
Even when the sender claims to have adopted a disclosure policy, she
may still find it difficult to commit to following its prescriptions, since
the adherence to such policies is often impossible to monitor. By con-
trast, what is often publicly observable is the final distribution of the send-
er’s messages: students’ grade distributions at many universities are pub-
licly available, and so are the distributions of rating scores from credit
rating agencies.

Motivated by this observation, we propose a notion of credible persua-
sion. In contrast to standard Bayesian persuasion, our sender cannot
commit to a disclosure policy; however, to avoid detection, she must keep
the final message distribution unchanged when deviating from her dis-
closure policy. For example, in the context of grade distributions, if a uni-
versity had announced a disclosure policy that features certain fractions
of A’s, B’s, and C’s, it cannot switch to a distribution that assigns every stu-
dent an A without being detected. Analogously, if a credit rating agency
were to tamper with its rating scheme, any resulting change in the overall
distribution of ratings would be detected. Our notion of credibility closely
adheres to this definition of detectability: we say that a disclosure policy is
credible if, given how the receiver reacts to her messages, the sender has
no profitable deviation to any other disclosure policy that has the same
message distribution.

Can the sender persuade the receiver by using credible disclosure pol-
icies? We find that in many settings, no informative disclosure policy is
credible. An important case where this effect is exhibited is the market
for lemons (Akerlof 1970). Here, we show that the seller of an asset can-
not credibly disclose any useful information to the buyer; this effect arises
even though the seller benefits from persuasion when she can fully com-
mit to her disclosure policy. Conversely, we also provide conditions for
when the sender is guaranteed to benefit from credible persuasion so
that credibility does not entirely eliminate the scope for persuasion. In
general, we show that credibility is characterized by a cyclical monotonic-
ity condition, which is analogous to those studied in decision theory and
mechanism design (Rochet 1987).

To illustrate these ideas, consider the following example. A buyer (re-
ceiver) chooses whether to buy a car from a used car seller (sender). Itis
common knowledge that 30% of the cars are of high quality and the re-
maining 70% are of low quality. For simplicity, suppose that all cars are
sold at an exogenously fixed price.' The payoffs in this example are in

! In sec. III, we study a competitive market for lemons with endogenous prices and
emerge with similar findings.
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TABLE 1
UsED CAR EXAMPLE PAYOFFS
Buy Not Buy

Seller:

High 2 1

Low 2 0
Buyer:

High 1 0

Low -1 0

table 1. The seller always prefers selling a car, but the buyer is willing
to purchase if and only if he believes its quality is high with at least
0.5 probability. Conditional on a car being sold, the seller obtains the
same payoff regardless of its quality, but when a car is not sold, she re-
ceives a higher value from retaining a high-quality car.

As a benchmark, let us first see what the seller achieves if she could
commit to a disclosure policy. We depict the optimal disclosure policy in
figure 1. The policy uses two messages, pass and fail: all high-quality cars
pass, along with 3/7 of the low-quality cars; the remaining 4/7 of the
low-quality cars receive a failing grade. Conditional on the car passing,
the buyer believes that the car is of high quality with probability 0.5, which
is just enough to convince him to make the purchase. If a car fails, the
buyer believes that the car is of low quality for sure and will refuse to
buy. With this disclosure policy, the buyer expects to see the seller pass
60% of the cars and fail the remaining 40%.”

The policy above is optimal for the seller if she can commit to following
its prescriptions. But suppose the buyer cannot observe how the seller
rates her cars. Instead, the buyer observes only the fraction of cars being
passed and failed. In such a setting, the seller can profitably deviate from
the above disclosure policy without being detected by the buyer. Specifi-
cally, the seller can switch to failing all high-quality cars while adding an
equal number of low-quality cars to the passing grade. This disclosure
policy, illustrated in figure 2, induces the same distribution of messages
(i.e., 60% pass, 40% fail). Holding fixed the buyer’s behavior, this devia-
tion is profitable for the seller because she still ends up selling the same
number of cars but now is able to retain more high-quality cars. Accord-
ingly, we view the optimal full-commitment policy to be not credible: after
having promised to share information according to a disclosure policy,
the seller would not find it rational to follow through and would instead
profit from an undetectable deviation.

More generally, we introduce the following notion of credibility for dis-
closure policies. Consider a profile consisting of the sender’s disclosure

* This example, by design, has the same solution as the prosecutorjudge example in
Kamenica and Gentzkow (2011).
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Prior Distribution Message Distribution
. 1
30%  High > Pass  60%
3/7
70%  Low > Fail  40%
4/7

Fic. 1.—Optimal commitment policy.

policy and the receiver’s strategy (mapping messages to actions). We say
that a profile is receiver incentive compatible (R-IC) if the receiver’s strat-
egy best responds to the sender’s disclosure policy—this requirement is
standard in Bayesian persuasion problems. We say that a profile is credi-
ble if, given the receiver’s strategy, the sender has no profitable deviation
to any other disclosure policy that induces the same message distribution.
Together, credibility and receiver incentive compatibility require that,
conditional on the sender’s message distribution, the sender and receiver
best respond to each other.’”

We have just argued that in the used car example, the optimal full-
commitment disclosure policy was not credible, given the receiver’s best
response. Can any car be sold in a profile that is both credible and R-IC?
The answer is no. Note that zero sales is also the outcome when no infor-
mation is disclosed. In other words, credibility completely shuts down
the possibility for useful information transmission.

To see why, suppose toward a contradiction that the buyer purchases a
car after observing a message m, that is sent with positive probability. By
receiver incentive compatibility, the buyer must believe that the car is of
high quality with atleast 0.5 probability after observing m,. Since m, is sent
with positive probability, the martingale property of beliefs implies that
there must be another message m,, also sent with positive probability, that
makes the buyer assign less than 0.5 to the car’s quality being high. Nec-
essarily, when the buyer observes the message m., he does not make a pur-
chase. This creates an incentive for the seller to tamper with her disclo-
sure policy: by exchanging some of the good cars being mapped into
my with an equal number of bad cars being mapped into ms,, she can im-
prove her payoff without changing the distribution of messages.

* Our solution concept is therefore analogous to an equilibrium condition in which the
set of feasible deviations for the sender is to other disclosure policies that induce the same
message distribution.
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Prior Distribution Message Distribution
30%  High Pass 60%
1
6/7
70%  Low > Fail  40%
1/7

Fic. 2.—Undetectable deviation.

One may wonder whether credibility always shuts down communica-
tion entirely. The next example features a setting in which the optimal
full-commitment disclosure policy is credible. Consider the disclosure
problem faced by a school (sender) and an employer (receiver).* Just
as in the used car example, a student’s ability is either high with proba-
bility 0.3 or low with probability 0.7. Payoffs are as shown in table 2. The
employer is willing to hire a student if he believes the student has high
ability with at least 0.5 probability. The school would like all its students
to be employed but derives a higher payoff from placing a good student
than it does from placing a bad one.

The school’s optimal full-commitment disclosure policy is identical to
the one in the used car example (fig. 1), and so are the employer’s best
responses. But unlike the used car example, the school cannot profitably
deviate without changing the message distribution.

To see why, note that without the message distribution being changed,
any deviation must involve passing some low-ability students while failing
an equal number of high-ability students. This would increase the em-
ployment of low-ability students at the expense of their high-ability coun-
terparts, which makes the school worse off. Since the school cannot profit
from undetectable deviations, the optimal full-commitment policy is cred-
ible. In contrast to the previous example, where credibility shuts down
all useful communication, the current example shows that credibility
sometimes imposes no cost on the sender relative to persuasion with full
commitment.

In the two examples above, credibility has starkly different implications
for information transmission. The key difference is that in the used car
example, when the car’s quality is higher, the sender has a weaker incentive
to trade while the receiver’s incentive to trade is stronger; in the school

* See Ostrovsky and Schwarz (2010) for an early study of how schools strategically design
their grading policies in a competitive setting.
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TABLE 2
ScHoOL EXAMPLE PAYOFFS
Hire Not Hire

School:

High 2 0

Low 1 0
Employer:

High 1 0

Low -1 0

example, by contrast, both the sender and the receiver have a stronger in-
centive to trade as the student’s ability increases. Our results formalize this
intuition.

Proposition 2 shows that when the sender and receiver’s preferences
have opposite modularities (e.g., when the sender’s payoff is strictly
supermodular and the receiver’s payoff is submodular), no useful infor-
mation can be credibly communicated. Even when players’ preferences
share the same modularity, the sender does not always benefit from cred-
ible persuasion relative to the no-information benchmark. Propositions 3
and 4 provide additional conditions that guarantee that the sender does
benefit from credible persuasion as well as conditions under which the
optimal full-commitment disclosure policy is credible. Proposition 5 pro-
vides a comparative statics result on preference alignment.

Generalizing further, we use optimal transport theory to characterize
credibility using a familiar condition from mechanism design and deci-
sion theory: cyclical monotonicity. Theorem 1 shows that for every profile
of sender’s disclosure policy and receiver’s strategy, the credibility of the
profile is equivalent to a cyclical monotonicity condition on its induced
distribution over states and actions. As isillustrated in the examples above,
credibility requires that the sender cannot benefit from any pairwise swap-
ping in the matching of states and actions. The cyclical monotonicity con-
dition generalizes this idea to cyclical swapping: for every sequence of
state-action pairs in the support, the sum of the sender’s utility should
be lower after the matchings of states and actions in this sequence are per-
muted. In appendix section B.1 (app. B is available online), we discuss the
connection of theorem 1 to Rochet (1987).

Our paper offers foundations for Bayesian persuasion models in set-
tings where the sender provides information about a population of ob-
jects. In such environments, if the sender’s payoff is state independent,
all disclosure policies are credible, so the full-commitment assumption
in the Bayesian persuasion approach is nonessential as long as the mes-
sage distribution is observable. Additionally, our model also provides a ra-
tionale for considering monotone disclosure policies, which are credible
when the sender’s payoff is supermodular.
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The rest of the paper is organized as follows. Section II introduces our
credibility notion as well as the main results. Section III considers an ap-
plication: in the market for lemons with endogenous prices, we show that
the seller cannot credibly disclose any useful information to the buyers,
even though full disclosure would maximize the seller’s profit. Section IV
discusses the effect of receiver mixing. Section V concludes. All omitted
proofs are in appendix A. The remainder of this introduction places our
contribution within the context of the broader literature.

Related literature—QOur work contributes to the study of strategic com-
munication. The Bayesian persuasion model in Kamenica and Gentzkow
(2011) studies a sender who can fully commit to a disclosure policy.” By
contrast, the cheap talk approach pioneered by Crawford and Sobel (1982)
models a sender who observes the state privately and, given the receiver’s
strategy, chooses an optimal (sequentially rational) message. The partial-
commitment setting that we model is between these two extremes: here,
the sender can commit to a distribution over messages but not the entire
disclosure policy.

Our model considers a sender who can misrepresent her messages as
long as the misrepresentation still produces the original message distribu-
tion. This contrasts with existing approaches to modeling limited commit-
ment in Bayesian persuasion. One approach—pioneered by Min (2021),
Fréchette, Lizzeri, and Perego (2022), and Lipnowski, Ravid, and Shishkin
(2022)—is to allow the sender to alter the messages from her chosen disclo-
sure policy with some fixed probability. A different method of modeling lim-
ited commitment is to consider settings where the sender can misreport at
a cost.® For example, Guo and Shmaya (2021) study a sender who pays a
costwhen the posterior beliefs induced by her messages are miscalibrated
from their literal meanings; Nguyen and Tan (2021) consider a sender
who can costly revise the messages from her chosen disclosure policy;
and Perez-Richet and Skreta (2021) consider a sender who can falsify
the state, or input, of the disclosure policy. Another approach, taken in
Libgober (2022), is to consider a sender who publicly chooses some di-
mension of the signal structure while privately choosing the other dimen-
sion. Finally, Perez-Richet (2014), Hedlund (2017), Koessler and Skreta
(2021), and Zapechelnyuk (2023) allow the sender to have private infor-
mation before choosing the disclosure policy. In these settings, the receiver
infers the state through the messages from the disclosure policy as well as
the signaling effect of the sender’s choice of information structures.

The way that we model the sender’s feasible deviations is closely related
to the literature on quota mechanisms, which use message budgets to

> Brocas and Carrillo (2007) and Rayo and Segal (2010) also study optimal disclosure
policy in more specific settings.
® This approach was initially introduced by Kartik (2009) to study language inflation.
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induce truth-telling (see, e.g., Jackson and Sonnenschein 2007; Matsu-
shima, Miyazaki, and Yagi 2010; Rahman 2010; Frankel 2014). Similar ideas
have also been explored in communication games. For example, Chakra-
borty and Harbaugh (2007) consider multi-issue cheap talk problems and
study equilibria where the sender assigns a ranking to each issue. In such
equilibria, a message is a complete or partial ordering of all the issues, and
any on-path deviation is a different ordering that maintains the same dis-
tribution of rankings. Renault, Solan, and Vieille (2013) study repeated
cheap talk models where only messages and the receiver’s actions are
publicly observable. They characterize equilibria in the repeated commu-
nication game via a static reporting game where the sender directly re-
ports her type. The key condition in their characterization requires truth-
ful reporting to be optimal among all reporting strategies that replicate
the true type distribution, which is akin to Rahman’s (2010) characteriza-
tion of implementable direct mechanisms. Margaria and Smolin (2018)
use a differentapproach to study the case where the sender’s payoffis state
independent, and Meng (2021) provides a unified approach to character-
izing the receiver’s optimal value in these repeated cheap talk models.
Kuvalekar, Lipnowski, and Ramos (2022) study a related model where
the receiver is short-lived and show that the equilibrium payoffs can be
characterized via a static cheap talk model with capped money burning.

A different strand of the repeated cheap talk literature studies models
where the receiver can observe feedback about past state realizations. Best
and Quigley (2020) consider how coarse feedback of past states can substi-
tute for commitment; Mathevet, Pearce, and Stacchetti (2022) allow for
the possibility of nonstrategic commitment types; and Pei (2020) studies
a setting where the sender has persistent private information about her
lying cost.

Finally, our approach to credible persuasion is reminiscent of how Akbar-
pour and Li (2020) model credible auctions. They study mechanism design
problems where the designer’s deviations are safe so long as they lead to
outcomes that are possible when she is acting honestly, and they character-
ize mechanisms that ensure the designer has no safe and profitable devia-
tions. By contrast, we study persuasion problems where the sender’s devi-
ations are undetectable if they do not alter the message distribution, and
we characterize disclosure policies where the sender has no profitable
and undetectable deviations.

II. Model
A, Setup

We consider an environment with a single sender (S; she) and a single re-
ceiver (R; he). Both players’ payoffs depend on an unknown state 6 € ©
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and the receiver’s action a € A. Both ® and A are finite sets.” The payoff
functions are given by us: ® x A— R and uz : ® x A — R. Players hold
full-support common prior u, € A(®).

Let Mbe a finite message space that contains A. The sender chooses an
information structure to influence the receiver’s action. Specifically, an
information structure A € A(® x M) is a joint distribution of states and
messages, so that the marginal distribution of states agrees with the prior;
thatis, N\e¢ = po.? The receiver chooses an action after observing each mes-
sage according to a pure strategy o : M — A.°

Our interest is in understanding the sender’s incentives to deviate
from her information structure, which depends on the receiver’s strategy.
To avoid ambiguity, we refer explicitly to pairs of (N, o)—or profiles—that
consist of a sender’s information structure and a receiver’s strategy. For
each profile (A, o), the players’ expected payoffs are

Us(\, 0) = Dus(8, o(m))N(0, m) and Tr(N, 0) = Dur (0, a(m))N(0, m).

0,m 0,m

We consider a setting where the sender cannot commit to her informa-
tion structure and can deviate to another information structure so long
as it leaves the final message distribution unchanged. This embodies
the notion that the distribution of the sender’s messages is observable,
even though it may be difficult to observe exactly how these messages
are generated. Formally, if N is an information structure promised by
the sender, let DON) = {N € A(® x M):No = po, Ny = Ay} denote the
set of information structures that induce the same distribution of mes-
sages as \: these information structures are indistinguishable from A from
the receiver’s perspective. Our credibility notion requires that, condi-
tioning on how the receiver responds to the sender’s messages, no devi-
ation in D(N\) can be profitable for the sender.

DerINITION 1. A profile (N, o) is credible if

N € arg max > us(6, o(m))N (6, m). (1)

NeD(\)  O0,m

Moreover, the receiver’s strategy is required to be a best response to
the sender’s information structure.

7 In app. sec. B.6, we show that our main characterization result extends to the case
where @ and A are compact Polish spaces.

% For a probability measure Pdefined on some product space X x Y, we use Pyand P;to
denote its marginal distribution on X and Y, respectively.

? We focus on pure strategies to abstract from the receiver using randomization to deter
the sender’s deviations. This restriction is not without loss of generality, though some of
our results can be extended to allow receiver mixing. See sec. IV for a more detailed dis-
cussion of this assumption.
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DEFINITION 2. A profile (N, 0) is receiver incentive compatible (R-IC) if

o € arg max > ug(0, o' (m))N(0, m). (2)
i M—A Om

Together, credibility and R-IC ensure that, conditioning on the mes-
sage distribution of the sender’s information structure, both the sender
and the receiver best respond to each other. An immediate observation is
that there always exists a babbling profile (A, o) that is both credible and
R-IC: a degenerate information structure that sends only one message
and a receiver strategy that best responds to the prior after observing any
message.

Note that the credibility notion can be viewed as merely incorporating
an additional constraint in the design of information structures. Some
of our results focus on sender optimality, but the notion can be applied
to different design objectives. It is also worth noting that credibility is a
constraint that is independent from receiver incentive compatibility. As
a result, our credibility notion can be applied more broadly to settings
where the consequences of the sender’s messages can be specified via an
outcome function. As an application, we apply our credibility notion to a
setting with multiple receivers in section III

Finally, our credibility notion is motivated by the observability of the
sender’s message distribution, which we model as a restriction on the
sender’s feasible deviations. The observability of message distributions
is best understood through a population interpretation of persuasion
models,'” where there is a continuum of objects with types distributed ac-
cording to py € A(®). The sender’s information structure \ assigns each
object a message based on its type, which generates a message distribu-
tion \,. Working with a continuum population affords us a cleaner expo-
sition by abstracting from sampling variation. In appendix section B.2, we
consider a finite approximation where the sender privately observes N
independently and identically distributed samples from p, € A(®) and
assigns each realization a message m € M subject to quotas on message
frequencies; the receiver then chooses an action after observing the
sender’s message. We show that credible and R-IC profiles in our contin-
uum model are approximated by those in the finite-sample model when
the sample size N becomes large.

B. Stable Outcome Distributions

We characterize credible and R-IC profiles through the induced probabil-
ity distribution of states and actions. Formally, an outcome distribution is a

' For a more detailed discussion of various interpretations of Bayesian persuasion mod-
els, see, e.g., sec. 2.2 of Kamenica (2019).
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distribution 7 € A(® x A) that satisfies mo = po: this is a consistency re-
quirement that stipulates that the marginal distribution of states must
conform to the prior. We say that an outcome distribution 7 is induced
by a profile (A, o) if for every (0, a) € ® x A, (0, @) = N0, 0" '(a)), where
o' is the inverse mapping of o. We are interested in characterizing
outcome distributions that can be induced by profiles that are both cred-
ible and R-IC, and we refer to such outcome distributions as stable.

DEFINITION 3. An outcome distribution m € A(©® x A) is stable if it is
induced by a profile (A, o) that is both credible and R-IC.

Our first result characterizes stable outcome distributions.

THEOREM 1. An outcome distribution 7 € A(® X A) is stable if and
only if

1. 7 is ug-obedient: for each a € A such that 7(0, a) > 0,

S0, a)ux (0, a) = D w(0, a)ux (0, a') for all @’ € A;

0O E¢C)

2. w is uscyclically monotone: for any sequence (61, @), ..., (0., a,)
€ supp(w) where a,.1 = a,

n

Eus(ei, al-) > Eus(on az+1)~
i=1

i=1

The first condition is the standard obedience constraint (Bergemann
and Morris 2016; Taneva 2019), which specifies that the receiver finds it
incentive compatible to follow the recommended action, given the belief
that she forms when receiving that recommendation. The second condi-
tion—namely, us-cyclical monotonicity—is the new constraint that maps
directly to our notion of credibility. While both the necessity and suffi-
ciency of us-cyclical monotonicity can be proven by invoking the Kantoro-
vich duality from optimal transport theory, below we outline a direct
proof to better illustrate the intuition behind wus-cyclical monotonicity.
The full version of this proof can be found in lemma 2 in appendix A.

Consider an outcome distribution « and a sequence (6;, ¢;)i=, in the
support of w. For intuition, let us regard 7 as a direct recommendation
information structure. A cyclical deviation in this case consists of subtract-
ing ¢ mass from (0, ;) while adding it to (0,, ;1) for each i =1, ..., n,
where a,;; = a. Each step of this cyclical deviation changes the sender’s
payoff by e[us(0;, air1) — us(0;, a;)], so the total change in the sender’s pay-
off is

n n

& Eu&(oi, ai+l) - Eus(ei, di) .

i=1 i=1
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The cyclical monotonicity condition requires that the sender can find no
profitable cyclical deviations.

To see why this is necessary for credibility, observe that cyclical devia-
tions do not change the distribution of action recommendations, so
any such deviation cannot be detected solely on the basis of the distribu-
tion of messages. Credibility requires that these undetectable deviations
are not profitable, which implies the cyclical monotonicity condition.

For sufficiency, a key observation is that any outcome distribution
m € A(® x A) can be approximated by a distribution with rational mar-
ginals, which can then be normalized and transformed into doubly sto-
chastic matrices. According to the Birkhoff-von Neumann theorem, per-
mutation matrices form the extreme points of all doubly stochastic
matrices. In addition, each permutation matrix corresponds to a cyclical
deviation. So in arough sense, cyclical deviations are (approximately) the
extreme points of all undetectable sender deviations. It is therefore suf-
ficient to ensure that no cyclical deviations are profitable.

When verifying the cyclical monotonicity condition, one can in fact
restrict attention to deviations of length n < min{|®|, |A|}. This is be-
cause if there is any profitable cyclical deviation exceeding this length,
we can split it into two shorter cyclical deviations, at least one of
which is profitable. This observation, which is formalized in appendix
section B.3, implies that it is sufficient to check a finite number of de-
viations. However, the total number of deviations can still be quite large,
which may make it challenging to verify cyclical monotonicity. In sec-
tion II.D, we impose additional structures on players’ payoffs to gain
further tractability.

The next result establishes the existence of a sender-optimal credible
and R-IC profile and shows that it need not involve more than
min{|®|, |A|} messages.

ProrosiTiON 1. There exists a sender-optimal credible and R-IC pro-
file (\*, 0*) where N\* has no more than min{|®|, |A|} messages.

The existence follows from the fact that the set of stable outcome dis-
tributions is compact. The bound on the number of messages in propo-
sition 1 parallels a similar result for optimal persuasion under full com-
mitment. For any sender-optimal stable outcome distribution 7", we
can take 7" as the direct recommendation information structure that
uses no more than |A| messages. For each a € supp(,), let p, denote
the posterior belief induced by 7, and v, denote the sender’s value un-
der posterior p,. These (u,, v,) pairs reside in R but by the optimality
of 7, it can be further shown that all such (B v,) pairs must lie on the
same hyperplane in R, which has dimension |®| — 1. Applying Cara-
théodory’s theorem on this hyperplane allows us to obtain the |O|
bound while reducing the support of the outcome distribution, which re-
laxes both the us-cyclical monotonicity and uz-obedience constraints.
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C. The Case of State-Independent Preferences

If us(0, a) is state independent, then wus-cyclical monotonicity is automat-
ically satisfied. So we have the following observation."

OBSERVATION 1. If us(8, @) = h(a) for some h:A— R, then every
outcome distribution that satisfies uz-obedience is stable.

Therefore, in this case, there is no gap between what is achievable by a
sender who can fully commit to an information structure relative to a
sender who can commit to only a distribution of messages.

State-independent payoffs feature in many analyses of communication
and persuasion (e.g., Chakraborty and Harbaugh 2010; Alonso and
Camara 2016; Lipnowski and Ravid 2020; Lipnowski, Ravid, and Shishkin
2022; Gitmez and Molavi 2022). In these settings, when the sender is not
disclosing information about a population (thus making it difficult to ob-
serve the message distribution), generally the optimal full-commitment
outcome cannot be achieved. By contrast, our analysis suggests that when
one can adopt the population interpretation for Bayesian persuasion
models, the sender can exercise full commitment power by making pub-
lic the distribution of her messages.

D. When Is Credibility Restrictive?

When the state and action interact in the sender’s payoff, credibility lim-
its the sender’s choice of information structures. The goal of this section
is to understand how these limits can restrict the sender’s ability to per-
suade the receiver.

In the examples in section I, we see that whether the sender can cred-
ibly persuade the receiver depends crucially on the alignment of their
marginal incentives to trade. To understand this logic more generally,
we assume that ® and A are totally ordered sets, which without loss of gen-
erality can be assumed to be subsets of R. Recall that a payoff function
u:0® x A— R is supermodularif for all > 6 and a > @', we have

w(B, a) + w(®,d) > u®, d) + u,a),
and it is submodular if
wB,a) + @, d) < w,d)+ ul,a)

Furthermore, the function is strictly supermodular or strictly submodular if
the inequalities above are strict for § > ¢ and a > «'.

The modularity of players’ payoff functions captures how the marginal
utility from switching to a higher action varies with the state. This generalizes

" The same observation holds if (8, a) = 7(0) + h(a) forsome r:® >Rand 1: A—> R,
as adding an action-independent nuisance term does not change the sender’s preferences
over outcome distributions given the exogenous prior distribution on ©.
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the marginal incentive to trade in the examples in section I: intuitively, the
sender and the receiver have aligned marginal incentives when both players’
payoff functions share the same modularity and opposed marginal incen-
tives when their payoff functions have opposite modularities. To fix ideas,
we will assume that the sender’s payoff is supermodular and vary the mod-
ularity of the receiver’s payoff.

We now introduce a lemma that simplifies the us-cyclical monotonicity
condition in theorem 1 when the sender’s payoff is supermodular. Say
that an outcome distribution 7 € A(® X A) is comonotone if for all (0, a),
(0, a') € supp(w) satisfying 6 < ', we have a < . Comonotonicity re-
quires that the states and the receiver’s actions are positive assortatively
matched in the outcome distribution. The following lemma, whose vari-
ant appears in Rochet (1987), shows that us-cyclical monotonicity reduces
to comonotonicity when the sender’s preference is supermodular.

LemMmA 1. If us is supermodular, then every comonotone outcome distri-
bution is uscyclically monotone. Furthermore, if us is strictly supermodular,
then every us-cyclically monotone outcome distribution is also comonotone.

Combined with theorem 1, lemma 1 implies that when the sender’s
preference is strictly supermodular, the credibility of a profile (N, o) is
equivalent to the comonotonicity of its induced outcome distribution.
Comonotone outcome distributions have attracted much attention in the
persuasion literature in part due to their simplicity and ease of implemen-
tation (see, e.g., Goldstein and Leitner 2018; Kolotilin 2018; Dworczak
and Martini 2019; Ivanov 2020; Kolotilin and Li 2021; Mensch 2021).
Our credibility notion provides an additional motivation for focusing
on monotone information structures.

ReMARK 1. Lemma 1 is particularly relevant when ws(0, a) is affine in
6: that is, when there exist ny(a) and 7,(a) such that us(0, @) = n¢(a) +
m(a)d for all 6, a. In this case, an outcome distribution 7 is us-cyclical
monotone ifand onlyifforall (6, a), (¢, @) € supp(w) with § < §', we have
m(a) < ni(d'). In other words, higher states are matched with actions that
lead to higher slope terms in us(0, @). The reason is that we can define an
order on A: @ > a if and only if n,(@’) > 9,(a), so that us is strictly super-
modular with respect to such order.'”” The payoff function us(f, a) =
no(a@) + n1(a)f underlies much of the literature on posterior mean prob-
lems, which includes several of the papers cited above.

As benchmarks, we will often draw comparisons to what the sender can
achieve when she can fully commit to her information structure as well
as what is achievable when all or no information is disclosed. We say an out-
come distribution 7" is an optimal full-commitment outcomeif it maximizes the
sender’s payoff among outcome distributions that satisfy ug-obedience. An

> Note that the order > defined as such may not be antisymmetric. Nevertheless, the
proof of lemma 1 holds as long as > is complete and transitive. In app. A, we prove lemma 1
without assuming antisymmetry.
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outcome distribution 7 is a fully revealing outcome if the receiver always
chooses a best response to every state; that is,

a € arg max ug (0, a') for every (6, a) € supp(7).
deA
Finally, an outcome distribution 7 is a no-information outcomeif the receiver
always chooses the same action that best responds to the prior belief p,;
in other words, there exists

a* € arg max > p(0)ur (6, a) such that 7,(a*) = 1.
acA 0O
We say that the sender benefits from persuasion if an optimal full-commitment
outcome gives the sender a higher payoff than every no-information out-
come. Similarly, we say that the sender benefits from credible persuasion if
there exists a stable outcome distribution that gives the sender a strictly
higher payoff than every no-information outcome.

1. When Credibility Shuts Down Communication

The next result generalizes the used car example in section I. To simplify
the statement of the result, we impose the following regularity assump-
tion on the receiver’s payoff function.

AssumPTION 1. There exist no distinct a, @ € A such that ux(6, a) =
u (0, ') for all 6 € O.

In other words, from the receiver’s perspective, there are no duplicate
actions. This assumption is not without loss but greatly simplifies the state-
ment of propositions 2 and 3.

ProrosiTION 2. Under assumption 1, if usis strictly supermodular and
ug 1s submodular, then every stable outcome distribution is a no-information
outcome.

Proposition 2 says that when the players have opposed marginal incen-
tives, credibility completely shuts down information transmission. The
logic generalizes what we saw in the used car example: if two distinct mes-
sages resulted in different actions from the receiver, the sender and re-
ceiver would have diametrically opposed preferences regarding which ac-
tion to induce in which state. Therefore, whenever R-IC is satisfied, the
sender will have an incentive to deviate to another information structure
that swaps states and induces the same marginal distribution of messages.

2. When the Sender Benefits
from Credible Persuasion

In light of the school example in section I, one might expect credibility to
not limit the sender’s ability to persuade when her marginal incentives
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are aligned with the receiver’s. However, this is false without imposing ad-
ditional assumptions. For an illustration, consider the following exam-
ple, in which both the sender and receiver have supermodular payoffs.
The sender benefits from persuasion when she can fully commit to her
information structure, but no stable outcome distribution can give her
a higher payoff than the best no-information outcome.

ExampPLE 1. Suppose ® = {H, L} with prior uy = P(§ = H) = 0.6
and A = {a, &, @, a}. The sender and receiver’s payoffs are as given
in table 3. Note that both players’ payoffs are strictly supermodular. The
receiver’s best response is @, when p, € [0, 0.25), @ when p, € [0.25, 0.5),
a; when p, € [0.5,0.75), and a, when p, € [0.75, 1]; this leads to the send-
er’s indirect utility function (solid line) and its concave envelope (dotted
line) depicted in figure 3. From Kamenica and Gentzkow (2011), the dot-
ted line represents the sender’s optimal value under full commitment. It is
clear thatat p, = 0.6, the sender strictly benefits from persuasion if she can
fully commit to her information structure. However, no stable outcome dis-
tribution can make the sender better off than the no-information outcome.
To see why, first note that according to proposition 1, it is without loss to
look for sender-optimal credible and R-IC profiles thatinduce only two pos-
terior beliefs u; < us. Now consider the receiver’s actions induced by these
two posteriors. By lemma 1, at most one of these actions can be matched
with more than one state, for otherwise the outcome distribution would
not be comonotone. So at most one of the actions can be induced by in-
terior posterior beliefs. However, it is clear from figure 3 that in order for
the sender to benefit from using only two posteriors, she must induce
both @, and a;, both of which can happen only when the receiver holds
interior beliefs. As a result, no credible and R-IC profiles can make the
sender better off.

Example 1 above shows that besides the comodularity of preferences,
additional conditions are needed in order to ensure the sender can benefit
from credible persuasion. Proposition 3 offers several such conditions.

Let A° = {a € A: a € arg max,Zpu(0)ux (6, @) for some p € A(®)} de-
note the set of actions that are best responses to some belief of the receiver;
clearly, actions that are not in A° would never be played by the receiver in

TABLE 3
PLAYERS’ PAYOFFS IN EXAMPLE 1
a, s as y
us(0, a):
0=H -1 .75 1 0
0=1L 0 .75 .5 -1
up (0, a):
0=H 0 .6 .8 1
0=1L 1 8 .6 0
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Fic. 3.—Concavification.

any R-IC profile and can without loss be discarded from the action set A.
Let @ = max A° and @ = min A° denote the highest and lowest actions in
A° and let # = max ® and § = min ® denote the highest and lowest
states.

PropoOSITION 3.  Suppose that both us and ug are supermodular and
assumption 1 holds; then

1. if the highest action is dominant for the sender, thatis, if us(6, @) >
us(0, @) for all § and a € A°\{a}, then for generic priors,'* the
sender benefits from credible persuasion as long as she benefits
from persuasion;

2. if the sender favors extreme actions in extreme states, that is, if
us(0, @) > us(0, a) for all a # a and us(0, @) > us(0, a) for all a # 4,
then for generic priors, the sender benefits from credible persua-
sion; and

'* Formally, by generic we mean that the result holds under a set of priors 7 C A(®) that
is open and dense and has full Lebesgue measure.
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3. if the sender is strictly better off from a fully revealing outcome
than from every no-information outcome, then the sender bene-
fits from credible persuasion.

The first condition in proposition 3 is satisfied in settings like the school
example, where the school and the employer’s preferences are both
supermodular, and the school would always want to place a student regard-
less of the student’s ability. The second condition is applicable in environ-
ments where both parties have agreement on extreme states. For example,
both doctors and patients favor aggressive treatment if the patient’s con-
dition is severe, and both favor no treatment if the patient is healthy, but
they might disagree in intermediate cases. Last, a special case of the third
condition is quadratic loss preferences, as commonly used in models of
strategic communication (e.g., Crawford and Sobel 1982)."* However,
note that the conditions in proposition 3 do not guarantee the sender
her optimal full-commitment payoff. In appendix section B.4, we provide
an example satisfying the first condition in proposition 3. The sender in
this example can benefit from credible persuasion but is unable to
achieve the optimal full-commitment payoff.

The first two parts of proposition 3 are based on belief splitting. Let us
briefly describe the proof for the first condition; the proof for the second
part follows similar arguments. Note that if @ is a dominant action for the
sender, and the sender can benefit from persuasion (under full commit-
ment), then @ must not already be a best response for the receiver under
the prior pu,. The sender can then split the prior into a point mass poste-
rior 65 and some other posterior z that is close to p,. At 83, the receiver is
induced to choose a since his payoff is supermodular. In addition, for ge-
neric priors, the receiver’s best response to g remains the same as his best
response to p,. The sender benefits from this belief splitting since the
same action is still played most of the time, but in addition her favorite
action is now played with positive probability. Moreover, the resulting out-
come distribution matches higher states with higher actions, so it is stable
because of the supermodularity of us and lemma 1.

The third part of proposition 3 follows because the fully revealing out-
come distribution is always credible when both players’ preferences are
supermodular. The intuition of this result is most transparent when the
sender’s payoff is strictly supermodular. Consider (0, @) and (¢, &) in
the support of a fully revealing outcome distribution 7, so e and « best re-
spond to 6 and ¢, respectively. From Topkis (2011), it follows that a > @
if 6 > 6. Therefore, 7 is comonotone and satisfies us-cyclical monotonicity

" The model in this section has finite action spaces, so we need to additionally assume
that the action space is rich enough such that the sender’s indirect utility function approx-
imates the one under a continuous action space.
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by lemma 1. By construction, 7 also satisfies ux-obedience, so 7 is stable
by theorem 1. This result is closely related to theorem 1 and theorem 2 of
Chakraborty and Harbaugh (2007). They show that in multi-issue cheap
talk problems, truthfully revealing the rankings of the issues is an equilib-
rium under supermodular preferences; in addition, when the number of
issues grows to infinity, revealing their rankings is asymptotically equiva-
lent to revealing their values. The credibility of the fully revealing out-
come can therefore be viewed as the limit of a rank revealing equilibrium
in Chakraborty and Harbaugh (2007).

3. When Credibility Imposes No Cost to the Sender

In observation 1, we see that when the sender’s payoff is additively sepa-
rable, credibility does not restrict the set of stable outcomes. Proposi-
tion 4 provides a condition that guarantees that credibility imposes no
loss on the sender’s optimal value, even when credibility does restrict the
set of stable outcomes.

ProrosITION 4. Suppose |A] = 2.If both us and uy are supermodular,
then at least one optimal full-commitment outcome is stable; if in addi-
tion us is strictly supermodular, then every optimal full-commitment out-
come is stable.

Proposition 4 says that in settings where both players have supermodular
payoffs and the receiver faces a binary decision, such as accept or reject,
then credibility imposes no cost to the sender. This result follows from
combining our theorem 1 and lemma 1 with theorem 1 in Mensch (2021).
He shows that under the assumptions in our proposition 4, there exists
an optimal fullcommitment outcome that is comonotone. The intuition is
that for any outcome distribution 7 that is ux-obedient but not comonotone,
the sender can weakly improve her payoft by swapping the noncomonotone
pairs in the support of , so that they become matched assortatively. Such
swapping also benefits the receiver because of the supermodularity of ug,
so ug-obedience remains satisfied. As a result, the sender can always trans-
form a noncomonotone outcome distribution into one that is como-
notone without violating uz-obedience while weakly improving her own
payoff. Therefore, there must be an optimal full-commitment outcome
that is comonotone, which is also stable by theorem 1 and lemma 1.

4. Comparative Statics

Our analysis thus far demonstrates that the mode of preference align-
ment plays a crucial role in determining the scope of credible persua-
sion. In this section, we provide a comparative statics result relating the
sender’s optimal credible persuasion payoff to the degree of preference
alignment.
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In order to measure the sender’s utility on a constant scale, we will keep
the sender’s payoff function unchanged and adjust only the receiver’s
payoff.”” Following section IV of Kamenica and Gentzkow (2011), we say
preferences (us, uz) are more aligned than (us, u) if for any ¢ € A and
any p € A(@),

B [us(6, a(p))] 2 Eu[us(6, a)] = EJus(0, @' ()] = E,[us(6, a)],

where a(p) € arg max,,Zou(8)ux (0, @) and @'(p) € arg max,.,Zopu(0)ug (0,
a) denote the receiver’s best response function, with ties broken in the
sender’s favor.

The following result shows that when payoffs are supermodular and
preferences become more aligned, the sender is guaranteed a higher
payoff from credible persuasion.'®

PropoSITION 5. Suppose that us, ug, and 1w are strictly supermodular
payoff functions. If in addition the preferences (us, uz) are more aligned
than (us, ug), then under (us, uz), the sender obtains a higher payoff
from a sender-optimal stable outcome distribution compared with under
(us, ).

To prove proposition 5, we take an optimal stable outcome distribution
«m under the less aligned preferences (us, ux) and show that when this
same 7 is used as an information structure under the more aligned pref-
erences (us, uy), it induces a stable outcome distribution that offers the
sender a superior payoff. Specifically, consider the outcome distribution
«' induced by the receiver choosing the sender-favored best responses
to w under (us, uy). Since w is a stable outcome distribution under (us,
ur) and ug is supermodular, it follows that = must be comonotone; this
combined with the fact that u; is supermodular implies that 7’ is also
comonotone and therefore stable under (us, uy). Moreover, as (us, uy) is
more aligned than (us, uz), following each message from =, the receiver’s
chosen action in 7’ is more favorable to the sender than the recommended
action from 7. The sender obtains a higher payoff from 7’ compared with
7 and therefore must be better off under (us, uy) than (us, ug).

It is worth noting that under the assumptions of proposition 5, more
aligned preferences do not guarantee a larger set of stable outcome
distributions. We illustrate this point with an example in appendix

'* In fact, the change of us would affect only the sender’s optimal credible persuasion
payoft through a scaling effect: according to theorem 1 and lemma 1, credibility is equiv-
alent to the outcome distribution being comonotone as long as us is strictly supermodular.
So under our maintained assumptions on payoff functions, the set of stable outcome dis-
tributions would be unaffected by modifications in the sender’s payoff function.

' As an example, app. sec. B.5.1 provides a class of preferences that meets the require-
ments of proposition 5.
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section B.5.2, where the set of stable outcome distributions first expands
and then shrinks as the players’ preferences become more aligned.

III. Application: The Market for Lemons

A classic insight from Akerlof (1970) is that in markets with asymmetric
information, adverse selection can lead to substantial efficiency loss. In
practice, buyers and sellers often rely on warranty or third-party certifica-
tion to overcome this inefficiency. A seemingly more direct solution to
their predicament is for the seller to fully reveal her private information,
so that there is no information asymmetry between players. In this sec-
tion, however, we show that this apparently easy fix to the adverse selec-
tion problem relies on unrealistic assumptions on the seller’s ability to
commit. Indeed, we show that any information disclosure that improves
efficiency cannot be credible.

To fix ideas, we adapt the formulation in Mas-Colell, Whinston, and
Green (1995) and consider a seller who values an asset she owns (say, a
car) atf € © €0, 1]; two buyers (1 and 2) both value the carat v(), which
is weakly increasing in 6. Buyers share a common prior belief pu, € A(@).
We assume v(6) > 6 for all § € O so there is common knowledge of gain
from trade. Moreover, we assume F, [v(0)] < 1 so that without informa-
tion disclosure, some cars will not be traded because of adverse selection.
Below we first describe the base game without information disclosure and
then augment the base game to allow the seller to choose an information
structure to influence the buyers’ beliefs.

The base game G—The seller and the buyers move simultaneously. The
seller learns her value and chooses an ask price 4, € As = [0, v(1)]; each
buyer ¢ = 1,2 chooses a bid b, € A; = [0, v(1)]. If the ask price is lower
than or equal to the highest bid, the car is sold at the highest bid to
the winning buyer, and ties are broken evenly. If the ask price is higher
than the highest bid, the seller keeps the car and receives the reserve
value 0, while both buyers get 0. More formally, the seller’s payoff func-
tion is

’1'1'5(07 as, bl> b2) =

max{bl, bg} if as < maX{bl, bg},
0 lfdg > max{bl,bg},

and buyer ¢’s payoft is
‘U(o) - b,' lf bl‘ > b,,- and bi > as,

u;(0, as, by, by) = [v(0) — b] if b = b, and b, > as,

N[ —

0 otherwise.
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The game with disclosure—Let M be the set of messages, which we as-
sume is a Polish space. Before the base game is played, the seller chooses
an information structure A to publicly disclose information to the buy-
ers.'” Together the information structure N and the base game G define
a Bayesian game (G, ). Every message m from the information structure
N induces a posterior belief u,, = N(-|m) € A(®) for the buyers. The buy-
ers i = 1,2 choose their respective bids 3,(m), while the seller chooses an
ask price o (0, m). We restrict attention to Bayesian Nash equilibria where
the seller plays her weakly dominant strategy as(6, m) = 0, and buyers
play pure strategies. As we show in lemma 6, such equilibria exist in (G, \)
for every A. These equilibria also give rise to the familiar fixed-point char-
acterization of equilibrium price: buyers’ bids satisfy

max{Bi(m), Bs(m)} = £, [v(0)0 = max{B(m),Bs(m)}].

The trading game above differs from the sender-receiver setting in
section II in two ways: first, the sender in the current setting publicly dis-
closes information to multiple receivers; second, in addition to the receiv-
ers, the sender also chooses an action (ask price) after observing the re-
alization of the information structure. Nevertheless, the notion of stable
outcome distribution extends to the current setting. In particular, the
credibility notion is based on the same idea that the sender cannot prof-
itably deviate to a different information structure without changing the
message distribution. The R-IC condition, meanwhile, is replaced by a
new incentive compatible condition that asks both the sender and receiv-
ers to play according to a Bayesian Nash equilibrium in (G, N). As men-
tioned above, in the market for lemons, we will focus on a special class
of Bayesian Nash equilibria in the game (G, N\) where the seller plays her
weakly dominant strategy as(6, m) = 6, and the buyers do not mix. We will
call such profiles (N, o) WD-IC to distinguish from the weaker incentive
compatible requirement. The formal discussion of our credibility notion
in this multiple receiver setting is notationally cumbersome and is de-
ferred to appendix section B.7.

Next, we state our result, discuss its implications, and provide intui-
tion for its proof. As a benchmark, fix an arbitrary message m, € M,
and let Ay = py X 6,, be a null information structure. Let R, denote the su-
premum of the seller’s payoffs among profiles (N, o) thatare WD-IC, so R,
represents the highest equilibrium payoff the seller can achieve when pro-
viding no information.

ProrosiTION 6. Under every credible and WD-IC profile, the seller’s
payoff is no more than R,.

7 In our setting, N determines only the buyers’ information structure, and the seller is
perfectly informed about 6. That is, the seller cannot prevent herself from learning the
true quality of the car. This differs from Kartik and Zhong (2019), who fully characterize
payoffs in the market for lemons under all possible information structures.
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Proposition 6 implies that any information that can be credibly dis-
closed is not going to improve the seller’s payoff compared with the no-
information benchmark. This is in sharp contrast to the fullcommitment
case, where the seller would like to fully reveal the car’s quality, and all car
types 0 are sold at v(f), which would allow the seller to capture all surplus
from trade.

Let us describe the intuition behind the proof for proposition 6."® For
each message m from the seller’s information structure A, let ©(m) de-
note the support of the buyer’s posterior belief after observing m. A
key step in proving proposition 6 is to show that there exists a common
trading threshold 7 such that for each message m, a car of quality
0 € ©(m) is traded if and only if § < 7. To see why, suppose toward a con-
tradiction that the trading threshold in message m is higher than the
threshold in another message m'. We show in the proof that the seller
would then have a profitable deviation by swapping some of the cars
slightly below the higher threshold in message m with an equal amount
of cars from »/ that are of worse quality.'’ Because this deviation does not
change the seller’s message distribution, it is also undetectable. There-
fore, credibility demands a common threshold 7 that applies across mes-
sages. Given this common threshold 7, we then apply Tarski’s fixed point
theorem to show that when no information is disclosed, there is an equi-
librium that features a higher trading threshold 7 > 7. Since a higher
threshold means more cars are being traded, which in turn increases
the seller’s payoff, the seller’s payoff under every stable outcome is there-
fore weakly worse than her payoff from a no-information outcome, and
this proves our result.

IV. Discussion: Receiver Mixing

While our paper focuses on the receiver playing pure strategies, the no-
tion of credible and R-IC profiles can be extended to allow for receiver
mixing. Suppose the message space M is a Polish space that contains
A(A) as a subset. A profile (N, o) consisting of the sender’s information
structure N € A(® x M) and the receiver strategy o : M — A(A) is (mixed
strategy) credible if

' While the message of proposition 6 is reminiscent of proposition 2, it requires a dif-
ferent proof since the seller has a private action, so theorem 1 does not apply. Instead of
working with the outcome distribution 7 € A(@ x A), here we apply the cyclical monoto-
nicity characterization directly to the seller’s information structure N € A(® x M) by invok-
ing an optimal transport result from Beiglbock et al. (2009).

1 This deviation is profitable because it allows the seller to replace the higher-quality cars
traded in m with the lower-quality, untraded cars in »/. After this swapping, the lower-quality
cars are now sold at the price for the higher-quality cars in m, while the higher-quality cars are
now retained by the seller in »7'.
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N\ € arg max us(0, a(m))dN (0, m),

NeD(\) OxM

and (mixed strategy) R-IC if

ocargmax| (6,0 (m))dN, m),

ot M — A(A) JOXM

where % : © X A(A) > Rand 4 : ® X A(A) — R are extensions of us and
ug to mixed strategies, respectively.

Asisillustrated in the following example, allowing mixed strategies can
sometimes enlarge the set of payoffs achievable through credible persua-
sion.”” This is based on similar ideas that appeared in Chakraborty and
Harbaugh (2010) and Lipnowski and Ravid (2020): by mixing actions that
the sender finds unappealing with those that she finds desirable, the re-
ceiver can reduce the scope of the sender’s profitable deviations.

ExaMPLE 2. Suppose © = {0,,0,} with equal priors, and A =

{a, as, a;}. Consider the payoff matrices in table 4. In this example, a;
is the most desirable action for the sender. We will show that without
receiver mixing, the sender can never induce the receiver to play a,
through credible persuasion; however, with receiver mixing, the sender
can achieve a higher payoff by persuading the receiver to take a; with
positive probability.
First, we show that without mixing, the receiver will never play ;. In par-
ticular, we argue that any stable outcome distribution 7" must satisfy
7y (as) = 0. Suppose by contradiction that 7, (a) > 0. Since a; is weakly
dominated by a,, the receiver will play a; only under the point mass belief
on 0. It follows that 7*(6s|a;) = 1, so ©*(6,, @) = 0. Therefore, either
(61, @) > 0 or w(6:, @) > 0. However, recall that (6, a;) is in the support
of " and

us(01, ar) + us(0o, a3) < us(01, a3) + us(0s, @),
us(01, @) + us(0s, as) < us(01, as) + us(0s, ).

So both cases violate us-cyclical monotonicity. This proves that only ¢; and
@, can be induced in any stable outcome distribution. In fact, the best
the sender can do with credible persuasion is to fully reveal the states,
which gives the sender a payoff of 1.

Next, we show that the sender can achieve a strictly higher payoff with re-
ceiver mixing. Consider the profile where the sender fully reveals the
state (N(61, m) = N(0s, my) = 1/2), and the receiver plays o(m) = 6,
and o(my) = (1/2)6,, + (1/2)é.,, with 6 denoting the Dirac measure. This
profile is clearly R-IC. Moreover, without changing the distribution of

* We thank a referee for suggesting this example.
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TABLE 4
SENDER AND RECEIVER’S PAYOFFS
[} [ as
Us:
0, 1 0 4
0, 0 1 2
Ug:
0, 1 0 -1
0, 0 1

messages, the only deviation the sender has is pairwise-swapping proba-
bility mass from (6,, m;) and (6,, m.) to be placed on (6, m.) and (0,
my). This is not profitable because

1

as(ela 6(11) + %(027 2

0, T %5,,5) =14+15>2

1 1
= U -6, + =0, | + us(0y, 0, ).
U/S<01;2 ) 9 {) %(02 1)

Therefore, this strategy profile is (mixed strategy) credible and R-IC.
Moreover, the sender achieves a strictly higher payoff of 1.25 from this
mixed strategy profile than any pure strategy credible and R-IC profile.

Despite the gap between pure and mixed strategies illustrated by the
example above, some of our results can be extended to cover receiver
mixing. In appendix section B.6, we provide a variant of theorem 1 (the-
orem 17) for the case when ® and A are both compact Polish spaces. If we
view an outcome distribution 7 € A(® x A(A)) as direct recommenda-
tions for mixed strategies, theorem 17 then characterizes credibility as
us-cyclical monotonicity on the space ® x A(A).

As a more specific example, when the receiver’s action is binary, prop-
osition 2 holds even when allowing for receiver mixing. In particular,
proposition 2" in appendix section B.6 extends proposition 2 to the
case when O and A are both compact subsets of R. When the receiver’s
action is binary, the set of mixed strategies can be identified with the in-
terval [0, 1], and the extended payoff functions us and uz preserve the
super (sub-)modularity of us and ug. So as a corollary of proposition 27,
no information can be credibly transmitted in this case, and focusing
on pure strategies in proposition 2 is without loss of generality when
the receiver’s action is binary.

V. Conclusion

This paper offers a new notion of credibility for persuasion problems. We
model a sender who can commit to an information structure only up to
the details that are observable to the receiver. The receiver does not ob-
serve the chosen information structure but observes the distribution of
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messages. This leads to a model of partial commitment, where the sender
can undetectably deviate to information structures that induce the same
distribution of messages. Our framework characterizes when, given the
receiver’s best response, the sender has no profitable deviation.

We show that this consideration eliminates the prospects for credible
persuasion in settings with adverse selection. In some other settings, we
show that the requirement is compatible with the sender still benefiting
from persuasion. More generally, we show that our requirement trans-
lates to a cyclical monotonicity condition on the induced distribution
of states and actions.

Our work also speaks to why certain industries (such as education) can
effectively disclose information by utilizing their own rating systems,
while some other industries (such as car dealerships) must resort to other
means to address asymmetric information, such as third-party certifica-
tion or warranties. Our results provide a rationale: in industries that ex-
hibit adverse selection, the informed party cannot credibly disclose infor-
mation through its own ratings even if it wishes to do so.

The notion of credibility we consider in this paper is motivated by the
observability of the sender’s message distribution. In some settings, the
receiver may observe more than the distribution of messages; for exam-
ple, she may observe some further details of the information structure,
such as how some states of the world map into messages. In other settings,
the receiver may observe less; for example, she may see the average grade
but not its distribution. To capture these various cases, one would then
formulate the problem of detectable deviations differently. We view it
to be an interesting direction for future research to understand how dif-
ferent notions of detectability map into different conditions on the out-
come distribution.

Appendix A
Proofs
Al.  Proof of Theorem 1
Al.l. Lemma 2 and Its Proof

The following lemma, which will play a key role in the proof of theorem 1, is a
finite version of theorem 5.10 of Villani (2008). Below we present a direct proof
of the lemma to better illustrate the intuition behind theorem 1.

LeEMMA 2. Suppose that both X and Y are finite sets and u: X x ¥ > Ris a
real function. Let p € A(X) and » € A(Y) be two probability measure on X and
Y, respectively, and II(u, ») be the set of joint probability measure on X x YV
such that the marginals on Xand Yare p and ». The following two statements are
equivalent:
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1. 7 € arg max, ., Z.,7(x, y)u(x, y); and

2. 7 s wcyclically monotone; that is, for any n and (x, ), ..., (%, y.)
€ supp(7*),

Eu(xi, y;) Zu(xi,ym),
i=1 i

v

where y,.1 = .
Proof.

(1 = 2) To see the necessity of u-cyclical monotonicity, suppose by con-

traposition that 7 is not us-cyclically monotone, which implies that there exists a
sequence (xi, y1), ..., (X, y) € supp(7*) such that

Sul.y) < S, ).
i=1 i=1
where y,.; = y. Take 0 <& < (1/n)mini 7" (x;, ),*" and define

T+ &3 [B1y) — B
o1

3

™

where 8., denotes the Dirac measure on (x, y). Note that 7° € II(u, ») and satisfies

>u(x, y)a’(x, y)

x,y

= Sule )7 () + e[S 3) = Sulx5)]
> Dulx, y)7(x, y),

Xy

which implies 7* & arg max, ., ) 2., T(X, y) u(x, y).

(1 < 2) First note that 7" being u-cyclically monotone is equivalent to the fol-
lowing: for any n and (xi, y), ..., (., y.) € supp(7*) and for any permutation
s{l,...,n}—{1, ..., n},

n n

Sl ) 2 Sulx )

i=1 =1

This is because any permutation can be written as the composition of disjoint
cycles.

We now prove the sufficiency of w-cyclical monotonicity by contraposition.
Suppose that there exists 7 € [I(g, ») such that

=7 (% p)ulxy) > X (x y)ulx, ). (3)

We will show that there exists a sequence (xi, yi), ..., (X, y.) € supp(7*) and a
permutation s:{1,...n} —{1, ..., n}, such that

*' The scaling factor 1/nis added to ensure that 7 is a positive measure, in case the same
pair (x, y) appears multiple times in the sequence.
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2l o) > 2l i)
i=1 i=1
The argument proceeds in three steps.

Step 1.—Approximate 7 and 7' with 7* and 7, respectively, while preserving
inequality (3): both 7* and 7 are joint distributions that share the same rational
marginals; in addition, #* shares the same support as 7.

Choose ¢, > 0 so that

E?r X, y)u ZW x, y)u(x, y) =
By continuity, there exists 6, > 0 such that for all |[r — 7*| < §;, we have

&
2l p)u(x ) < T (v y)ulx,y) = 5 (4)
X,y

By lemma 10 in appendix section B.2.1, there exists 6, > 0 such that for all [z —

p| < 8s and [p — | < 8, there exists 7 € II(, i) with

Erxy Erxy x5 — 82’ (5)

Let 65 = min,,{7*(x, y) : 7(x,y) > 0} denote the smallest probability weight
among the support of 7.

Now let 6 = min{é,, 6,/(|X| x |Y]),8;} and consider a rational joint distri-
bution 7* € Q¥ N A(X x Y) such that |7* — 7*| < 8. Note that supp(7*) =
supp(7*). By inequality (4),

S (s )us) < S (s ulny) -

Furthermore, the marginals of 7*, p = 7y and ¢ = 7y, are also rational and
satisfy |p — p| <8, and |q¢ — »| < 8,. By inequality (5), there exists 7 € II(p, q)
such that

way E?rxy x,y) ~

SO

EW X, y)u EW x, y)u(x, y). (6)

Step 2.—Normalize and transform the above two joint distributions with the
same rational marginals, 7% and 7', into doubly stochastic matrices. Through the
Birkhoff-von Neumann theorem, express inequality (6) in terms of permutation
matrices.

Let Nbe an integer such that Np(x) and Ng(y) are integers for all x € X and
ye Y. Let §: X — 20+ be a partition of {1, ..., N} such that |S(x)| = Np(x)
for each x € X;similarly,let 7: ¥ — ol N he g partition of {1, ..., N} such that
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|T(y)| = Ng(y) for each y e Y. For each i = 1,..., N, let x; = {x:i € S(x)} de-

note the x € X indexing the partition that contains 4 similarly, for each column

jlety; = {y:j € T(y)} denote the y € Y indexing the partition that contains j.
Consider the matrix [B]].; .y, defined by

*7

T3 o

By = —— <4j <N,

T Np(x)q()

and the matrix [Bj],; v, defined by
By= D) << N

Np(%:)q(3)

Notice that the matrix B* is doubly stochastic: for any i, we have
. -
B,* — < (X,, y) N!](y)> — p(icl) =1
25 = 2\ W0 ’G)

Similarly, we can show that E,B; = 1 for every j. And following similar arguments,
the matrix B’ is also doubly stochastic.

Note that
B u5) = S )
! ! = Np(%)q(5) !

o ) B,
S Ay M) M) - ) = N syl

and similarly,
2B u(x, ) = NYa(x, y)ulx, y)-
i xy

Now since

ZW X, y)u 277 x, y)u(x, ),
we have
ZB; “u(X;, 5, EBI, X, ;)
uy

Let P denote the set of N x N permutation matrices. By the Birkhoff-von Neu-
mann theorem, both B* and B’ are in the convex hull of P. It follows that there
exist permutation matrices P* and P’ such that

EP[I ' u(ﬁ;, y7 EPU x“ y/ (7)
5]

and in addition, Py = 1implies that the corresponding entry in B" satisfies B; > 0.
Step 3.—Convert inequality (7) into a cyclical deviation.
Note that the permutation matrix P* is equivalent to a mapping ¢:{1, ..., N} —
{1, ..., N} such that P; = lifand onlyif j = (7). So
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P - uwy) = Sulso)

In particular, every element of {(%;, ;) }/L; is in the support of 7*, since P; =1
implies B: > 0, which further implies 7 (x Ju») > 0. Since 7" and 7~r" share the
same support, every element of {(&, j;) }io1 is in the support of 7 as well.

Let ¢ :{1,...,N} —{1,..., N} denote the permutation mapping induced by

the matrix P}, so

E u(x;, 3) = (%, ye)
It follows that inequality (7) can be rewritten as

> u(%, o) Euxz,y, (8)

i

Since tand ¢ are both permutations, there exists a permutation s ;{l, ., N} —
{1, ..., N} such that s(¢(i)) = ¢'(i). Consider the sequence {(x;, )}, defined by

x = X;andy;, = y fori=1,...,N.
Then (8) becomes

N N

Sulx, 9) < Dulx, yo)s

i=1 i=1

where (x;, y;) € supp(7*) for each 1 < i < N, which violates w-cyclical monotonic-

ity. QED

Al.2. Proof of Theorem 1

For the “if” direction, suppose that 7 is ug-obedient, us-cyclically monotone, and
satisfies m¢ = po. The proof is by construction.

Since To = po, We can construct an information structure (M, ™) by setting
M = A and N* = ; furthermore, let ¢* be the identity map from M to A. It is
straightforward to see that the profile (A", ¢*) induces the outcome distribution
7. We first show that ()\*, U*) is R-IC. Since 7 is ug-obedient, we have that for each
acA,

a € argmax ;> ux(0, d)w(0, a).
(€]

Since ¢ is an identity map, it follows that for each m € M,

0%(m) € arg max , > ux (0, a')w (0, 6™ (m)).

(]

Furthermore, since \* = 7 and ¢" is injective, we have N*(, m) = 7(6, o*(m)) for
all§ € ® and m € M. So

0" € arg max > ux (6, o(m))N* (0, m),

o:M—>A OxM

. * . *
which means ¢~ is a best response to \".
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It remains to show that the sender does not benefit from choosing any other
information structure in D(N"). Observe that since 7 is us-cyclically monotone,
every sequence (01, &), ..., (0,, a,) in supp(w) where a@,.1 = @ satisfies

S0, a) = Sous(b, ).
i=1 i=1
Since N* = 7 and ¢ is the identity mapping, this further implies

Em (0; 0™ (m:)) Em (0:, 0™ (mis1));

i=1 i=1
for every sequence 6+, m), ..., (6,, m,) € supp(N*) with m,; = my. In addition,
N = poand Ny = Ny by construction. By lemma 2, \* satisfies

N € arg max > us(6, o(m))N(0, m),

NeD(N¥)  ©xM

which means \* is sender optimal conditional on its message distribution.

For the “only if” direction, suppose that 7 is stable and thus induced by a cred-
ible and R-IC profile (\*, ™). Since ¢™ best responds to the messages from \*, the
ug-obedience of 7 follows from Bergemann and Morris (2016).

It remains to show that 7 is us-cyclical monotone. Suppose by contradiction
that 7 is not wus-cyclically monotone, which implies that there exists a sequence
(61, @), ..., (0,, @) € supp(w) such that

n

Eu/s(ei, (li) < 211/5(0;, (l,+1),

i=1 =1
where a,,;; = . Since 7 is induced by ()\*, 0*), foreach i = 1, ..., n there exists
m; such that m; € 6*'(@;) and (0;, m;) € supp(\*), so we have a sequence
(01, m), ..., (0,, m,) € supp(N\*) that satisfies

Em (0, 0% (m;)) Em (0, 0™ (mis1)), 9)
i=1 i=1
where m,., = m. Define v(0, m) = us(6, 0*(m)). Since (\*, o) is credible, we have
N\ € arg maXE m)N(B, m).

NeD(NF)  OxM

Lemma 2 implies that N s vcyclically monotone. Since (61, my), ..., (6, m,) is
in supp(\™), the vcyclical monotonicity of N* implies

Eus (0;, 6" (m:)) Euq (0;, 0™ (mys1)),

i=1 i=1

where m,.; = my, which is a contradiction to (9). So m must be us-cyclically mono-
tone. QED

A2. Proof of Proposition 1

The sender-optimal stable outcome distribution is the solution to the following
problem:



CREDIBLE PERSUASION 2259

ax, 2@ ayn(b. o)

a

subject to Y w(0|a)ux (0, @) > > w(0|a)ux(0, &) for all a € supp(w,) and d' € A,
0

[

T is us-cyclically monotone,
Te = Ho-

We first argue that the feasible region in the optimization program above is
compact, so there exists a sender-optimal stable outcome distribution. The obe-
dience constraints are weak inequalities, so they define a compact set of outcome
distributions. It suffices to establish the compactness of the set of us-cyclically
monotone outcome distributions, denoted by II% = {7 € A(® x A): 7is us-
cyclically monotone}.

Let O = {supp(w): w € [1°°} denote the set of the supports of the distributions
in IT%°. For each such support O € O, letIl, = {7 € A(® x A): supp(w) S O} de-
note the set of outcome distributions whose support is contained within O. Note
thatsince reducing the support of the outcome distribution relaxes the us-cyclical
monotonicity constraint, every distribution in the set I, is us-cyclically monotone,
so we have 1% = Ugolly. In addition, for each O € O, the setIl,is closed since it
is defined by equality constraints: IT, = {r € A(® X A):7(0,a) = 0V (0, a) &
O}. ThesetI19° = Upeoll, is a finite union of closed and bounded sets and is there-
fore compact, so there exists a sender-optimal stable outcome distribution.

Next, we show that there exists a sender-optimal credible and R-IC profile
that does not involve more than min{|@|, |A|} messages. Let 7" denote a sender-
optimal stable outcome distribution.

To establish the |©| bound, let v* = 3,7, (a)Z,7*(0|a)us(6, @) denote the
sender’s value from 7" and A* = supp(,) denote the support of 7"’s action dis-
tribution. Consider the following set

€= {(w*(~|a),§us(0, a)w*(@\a)) ceRae A*},

where 7*(-|a) € A(®) and Zyus(8, a)7*(0|a) € R denote the posterior belief and
sender’s value conditioning on a, respectively. We will use (u,, v,) to denote an
element of £.

Recall that p, € A(®) is the prior distribution over states. Clearly (uy, v*) €
conv(€) C RI®!. We will show that (p,, v*) can be represented as a convex combi-
nation of at most |®| number of points in £. To this end, we argue that (g, v")
must be a boundary point of conv(€). Suppose not; then there exists p € A(A*)
and {(ta, Vo) }eer € € such that =, (phe, va)p(a) = (o, ¥), where v > v*. Let
7 € A(® x A) be the outcome distribution induced by f: that is,

. pla)7*(0]a) forall a € A* and 6 € ©,

(0, a) =
0 otherwise.

Clearly 7 satisfies obedience. It also satisfies cyclical monotonicity because the

support of 7 is a subset of the support of 7, and smaller support means that there

are fewer inequalities to check in the cyclical monotonicity condition. Moreover,
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7 yields a strictly higher value to the sender, which contradicts 7" being the sender-
optimal stable outcome distribution. Therefore, (po, v*) is on the boundary of
conv(&).

By the supporting hyperplane theorem, there exists a supporting hyperplane
of conv(€) containing (g, ©"); that is, there exists a vector r € R and scalar
w € Rsuch that r - (py, v*) = wand r - (g, v) > wforall (g, v) € conv(€). In par-
ticular, 7 - (u,, v,) > w for all a € A*. Recall that (pg, v*) = S, s (@) (pas V).
Since 7 has full support on A¥, this implies 7 - (p,, v,) = wforall a € A*, so all
points in &£ lie on the same hyperplane, which has dimension @] — 1. By
Carathéodory’s theorem, (p,, v") can be represented as a convex combination
of at most |®| number of points in £ according to some mixture probabilities
b e A(A¥).

Let 7 be the outcome distribution induced by § (in particular, it is obtained
from the same construction as that for # above but with p replacing p). By con-
struction, |supp(#,)| < min{|@®|, |A|}, and the sender’s value from p is also v".
In addition, 7 clearly satisfies obedience; it also satisfies cyclical monotonicity be-
cause the support of 7 is a subset of 7", which relaxes the cyclical monotonicity
constraint. Therefore, 7 is a sender-optimal stable outcome distribution. Now
by using 7 as a direct recommendation information structure, we can derive a
sender-optimal credible and R-IC profile that uses no more than min{|®|, |A|}
messages, following the same construction outlined in the “if” direction of the
proof of theorem 1.

A3. Proof of Lemma 1

In light of remark 1, we shall prove lemma 1 without assuming that the order on
either © or A is antisymmetric. Suppose (0, ;) and (4, *,) are finite ordered sets
and 3, >, are weak orders (complete and transitive). The notions of super-
modularity and comonotonicity are extended naturally with weak orders >
and =, replacing the total orders on ® and A.

In particular, we say a function u:® x A — R is supermodular if for any 0 3= ¢/
and a > d, we have

w(@, a) + w(l,d) > u, d) + u@, a);
the function is strictly supermodular if in additional for any 6 > ¢ and a > @,
w(, a) + w@,d) > u®, d) + u®, a).

An outcome distribution 7 is comonotone if for any (6, a), (¢, a') € supp(«),
6> 6" implies a > «'. We shall prove the following result, which is a restatement
of lemma 1 but based on the weak orders >, and >»,.

LemMA 17, If u is supermodular, then every comonotone outcome distribu-
tion is us-cyclically monotone. Furthermore, if us is strictly supermodular, then
every us-cyclically monotone outcome distribution is also comonotone.

We begin the proof by establishing the following lemma.

LEmMa 3. Let ¢:{1,...,n} —{1,..., n} be a bijection. Suppose that ¢ is not
the identity mapping; then there exists k" such that ((k*) > k* and (¢(k*)) <
((k*).
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Proof. Define K: = {ke {1,...,n}:t(k) # k}. Since ¢is not the identity map-
ping, Kis nonempty. Since ¢is a bijection, (k) # k if and only if ¢(¢(k)) # ((k), so
Kis tinvariant. Let k* = ¢ '(max K) € K, then k* < max K = ¢(k*) and ¢(k*) =
max K > ¢(max K) = t(¢(k*)). QED

Proof of lemma 1. First, we show that comonotonicity implies us-cyclical
monotonicity when s is supermodular. Suppose that an outcome distribution
m € A(® x A)is comonotone, then the product order of >, and =, is also a weak
order on supp (). Take any sequence (01, @), ..., (0,, a,) € supp(7) and assume
without loss of generality that (6, «;) is nondecreasing in i € {1, ..., n} with
respect to the product order. We will show that for any permutation
AL, .., n} {1, ..., n},

us(0y, ar) + o Fus(0,, @) > us(0y, ary) + o Fus(0,, an),

which then proves the statement. In particular, for each permutation ¢, let v() =
us(01, a1)) + -+ +us(0,, aq,) denote the value obtained from summing us accord-
ing to the state-action pairings in ¢and let / denote the identity map. We show that
v(I) > v(t) for every permutation ¢.

To this end, take any permutation ¢ that is not an identity mapping, and let
{(t) denote the number of fixed points of ¢ (which may be zero). By lemma 3,
there exists & such that ¢(k*) > k* and ((¢(k*)) < ¢(k*). The supermodularity of us
implies

Us(@r(m, af(k*>) + uﬂ(ek*; at(t(k*))) > ats (0, ar(k*)) + ”S(0r<k*)’ at(t(k*)))' (10)

Define a new permutation 7 so that k is mapped to (({(k)) while (k) is mapped to
{(k), while all other pairings remain unchanged. Formally,

t(k) forall k # k*, t(k"),
Wk) = 4 (k) itk = K,
t(k*) if k= (k).
By (10), we have
us(01, ) + o Fus(0, ai) = us(01, @) + o Fus(0, ag),

so we have constructed another permutation  with v(7) > v(¢) and I(7) = I(¢) + 1.
Each time we iterate the process above, v(-) weakly increases while the number of
fixed points increases by 1. Since n < oo, the iteration terminates at the identity
map 1, so v(I) > v(¢) for every permutation £

Next, suppose that us is strictly supermodular. We want to show that us-cyclical
monotonicity implies comonotonicity. We prove this statement by contraposi-
tion: suppose that an outcome distribution 7 is not comonotone; we will show
that 7 is not wus-cyclically monotone. Since 7 is not comonotone, there exists
(0, a), (¢, @) € supp(m) such that <6, a> . Since us is strictly supermodular,
we have

us(0, @) + us(0', ') < us(8, @) + us(0, a). (11)

Consider a cycle of length 2 where (6;, a;) = (0, a) and (6., @) = (¢, @'); then in-
equality (11) above implies that 7 is not us-cyclically monotone. QED
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A4.  Proof of Proposition 2

Let 7 be a stable outcome distribution, and suppose by contradiction that there
exist two distinct actions a;, a, € supp(m,), say, & < @. Let I, = {6 € O|7(0, 1) >
0}and b = {6 € O|7(6, as) > 0} be the states associated with @, and @, respectively,
in the support of 7. By theorem 1, since 7 is stable, it must be ug-obedient, which
implies

Slin(t,a) — (6] ’;ff(’,jl)) 20> S0 a) -~ w(t, o) %

(12)

Furthermore, since us is strictly supermodular, 7 is also comonotone by theo-
rem 1 and lemma 1, so any 0 € I, and 6 € I, satisfies 6 < @'. Since ug is sub-
modular, we have uz(0, @) — (0, @) < wx (0, @) — ur (0, ay) for all § € I, and
0" € L, which implies

n;:}X{uR(O, a) — w(0, @)} < glgp{uR(9’, @) — w0, a)}.

So
ZL[MR(G, a) — ux(0, a)] ﬁfé(zl)) < max{u (0, @) = w (0, @)}
< min{u(0, m) = w (0, @)} (19)
4 / 0’,

= Z[UR(O s a1) - uR(G s afz)} WiA(w‘j’;).

Combining (12) and (13), we have

g[uk(e’ @)~ (0, )] 7:5,?(’;?)) - ‘5‘3"{%(0, a) — ux(0,a)} =0
and
%[M{(@Z (l]) - UR(O/’ (lg)] 7;(3/(’0:3) — rilelln{uR(@/, d]) _ UR(H/, (l«g)} — 0

So ur (0, @) = ur(0, @) forall 6 € I, U k.
Since the argument above applies to any a;, @ € supp(m,), we have that for
all @, a, d € supp(m,),

wr(0, ;) — wr(0, @) = wr(0, @;) — wr(0,d') =0V 0 eI,
so for all 7 and 6 € I, we have
ug (0, @) — ux(0,d") = 0V a,d € supp(m,),
and therefore
ur(0, @) — ux(0,d) = 0V a,d € supp(m,) and 6 € 6.

However, this is a contradiction since by assumption, there exists no @, a' € A
such that @ # ¢ and (0, @) = u (6, «') for all 6.
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Therefore, supp(m,) must be a singleton, denoted by &". Then wu-obedience
implies a* € arg max,.,Zsu0(0)u(6, a). So 7 is a no-information outcome.

A5, Proof of Proposition 3

Proof of statement 1. For each a € A, let
P, ={peA® ‘EIL ur(0, a) > Su()ur (0, @),V d # a},
0

which denotes the set of beliefs such that ais the receiver’s strict best response.
We prove our claim under the assumption that there exists a° € A such that p, €
P, (i.e., a’is the unique best response to u,). Later we will show that this assump-
tion holds for generic priors.

When the sender’s information structure is uninformative, the receiver best
responds to the sender’s messages by choosing a°. The sender’s payoff is

o = Shol0)us(0, ).
0c®
We will show that there exists a stable outcome distribution that gives the sender
a higher payoff than v.

We consider the case where the sender benefits from persuasion, so a° # a;
otherwise, the receiver is already choosing the sender’s favorite action under the
prior. For & sufficiently small, consider the outcome distribution 7° € A(®x A),
defined by

w() if0£6,a=a,
wo(0) — ¢ if (0, a) = (0, a°),
e if (6,a) = (0, a),

(0, a) =

0 otherwise.

We will show that for ¢ sufficiently small, 7* is stable and gives the sender a higher
payoff than wv,.

It can be easily seen that the support of 7° is comonotone. Since us is
supermodular, 7° is us-cyclically monotone by lemma 1. Next, we verify that for
¢ sufficiently small, 7 satisfies ug-obedience at the two actions {a, a°}. For &,
note that since y, € P, we have

ro(0)u( > > uo(0) )forall @' € A,

00 00
so for ¢ sufficiently small,

Spa(@)u(0, a®) — eu( (0, @) > > uo(0) —eu(0, d) forall @ € A,

(56 00

which means 7° satisfies ug-obedience at a°.
As a € A°, there exists i € A(®) such that @ € arg max,Zop(0)ur (0, a). So for
every a' # a,

Ep, Nur(0, @) — ux(6, @')] = 0.
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Since ug is supermodular, uz (6, @) — ux (0, ') is weakly increasing in 6, so if a be-
lief p' first-order stochastically dominates g, then

;p/(ﬁ)[uk(@, a) — u(, d)] = ;ﬁ(@)[uk(e, a) —u(0,d)]>0foralld # a.

In particular, the Dirac measure §; first-order stochastically dominates g, so the
inequality above implies

ur(0, @) — ux(0,d) > 0 forall d' # a.

So a € arg max, ux (6, a), and 7 is up-obedient at action a.
Finally, we show that the sender obtains higher payoff from 7 than v, Note
that since by our assumption, us(6, ') < us(6, @) for all @ # @, we have
>0, a)us(0, a) = Spo(0)us(0, @) + (o(8) — €)us(6, @°) + eus(6, a)

0.a 60

> Suo(0)us(9, @) + (o) — &)us(6, a°) + zus (6, @°)

0£0

- 26‘,#()(0)%(9, a) = .

Therefore, the sender receives a strictly higher payoff from 7 than v,. This com-
pletes the proof.

The rest of the proof shows that U,., P, contains an open, dense, and full mea-
sure set. In particular, we show that A(®)/{U,.P.} is included in a negligible,
closed, and nowhere dense subset in A(®).

Define H,, = {p € A(O)|Zou(0) (ur(0, a) — ur(0, a’)) = 0} forany a # a. Since
by assumption 1, wux(-, @) — ux(-, @) # 0, which implies [, = {u € R |Z,u(0)
(ux (6, @) — u(0, @')) = 0} is a hyperplane in R, Notice that H,, = J,» N A(®),
which is the intersection of a hyperplane with a simplex. Since the hyperplane in-
cludes 0 and A(®) does not, either they have to be parallel with no intersection or
their intersection is in a lower-dimensional subspace, which is negligible, closed,
and nowhere dense.

Forany pu € A(®)/{U,sP,}, since the maximizer of Zyu(0)ux (8, @) is not unique,
there exists @, @ such that Z,u(0)(ux(0, a) — ux(0, @')) = 0. So A(®)/{U.aP.} S
Ueze H,w, where the latter is a negligible, closed, and nowhere dense subset of
A(®). QED

Proof of statement 2. For any generic prior yu° € U4 P,, either u® & Poor pu° & Pa.
We consider the case p° & Pu, and the other case can be shown symmetrically. Sim-
ilar to the previous argument, for ¢ sufficiently small, consider the outcome distri-
bution 7° € A(® x A):

w(0) if0+£06,a=c,
71_2(0, (l) _ “‘)(0) —eif (0: a) = (?’ ao)>
€ if (6, a) = (0,a),

0 otherwise.

As we have shown in the proof of statement 1, for ¢ sufficiently small, 7° is stable
and gives the sender a higher payoff than v,. Therefore, the sender benefits from
credible persuasion. QED
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Proof of statement 3. Let Iy denote the set of fully revealing outcome distribu-
tions, which is compact because it is a closed subset of A(® x A). Let
%

[ = arg max> (0, a)us(0, a)

well 0.a

be the subset of Il that maximizes sender’s payoff, which is also compact by
Berge’s theorem of maximum. Note that by definition, every fully revealing out-
come distribution is obedient. We will show that there exists an outcome distribu-
tion 7 € II; that is comonotone. This implies that as long as the sender benefits
from one fully revealing outcome distribution, she must also benefit from =",
which is a comonotone (and obedient) fully revealing outcome distribution. This
will then complete our proof following theorem 1 and lemma 1.
To this end, let us choose

7 € arg max > w(0, a)fa.
wer: 0.a

Suppose by contradiction that 7" is not comonotone; we construct another out-
come distribution 7 € II; that satisfies 2.7 (0, a)0a > =, ,m%(0, a)fa, which con-
tradicts 7% € arg max ;s 3y.7(0, a)fa.

Since 7" is not comonotone, there exists a pair (61, a1), (85, a») in the support
of 7" such that 8, < 0, and @, > a. Take ¢ = min{7*(0,, a;), 7*(0s, @)}, and con-
struct the outcome distribution 7’ where

o (0, @) = (01, @) — & 7 (0, @) = 7(02, @) — &
o (01, a) = (01, ) + & 7 (0y, 1) = 7 (0, @) + & and
e 7(0, a) = 7*(0, a) for all other (6, a).

We first argue that 7 € TT;. Let A*(0) = arg max,., ux (6, @) denote the receiver’s
best response correspondence. Since ug(0, a) is supermodular, by lemma 2.8.1
of Topkis (2011), A*(6) is weakly increasing in 6 in the induced set order. That
is, for any 6 > 6, a € A*(#), and o« € A*(#'), we have max{a, ¢’} € A*(§) and
min{a, @'} € A*(#'). Since @ € A*(6:) and a € A*(f,), we have @ € A*(f,) and
a, € A*(6,). Therefore, ' is also a fully revealing outcome distribution. Moreover,
since us is supermodular,

GE[W’(G, a) = 70, a)lus(0, a) = elus(6r, az) + us(0a, @) — us(6r, @) — us(B, @)]
>0,

so the sender’s payoff from 7’ is weakly greater than from 7", and therefore 7’ €
I1; .
Next, we argue that 2,7 (0, a)fa > Zy,7* (0, a)fa. To this end, note that

8[0161/2 + 0oy — 01y — 0202]

S0, a) — 7(0, a))0a

0.a

6 — 6) (@ — ay) > 0.

This contradicts 7 € arg max__+2,7(0, a)fa. QED
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A6.  Proof of Proposition 4

From theorem 1 of Mensch (2021), if both us and ux are supermodular and
|A] = 2, there exists a full-commitment optimal outcome distribution that is co-
monotone. Then by theorem 1 and lemma 1, such an outcome distribution is
stable. Moreover, if in addition us is strictly supermodular, any full-commitment
optimal outcome distribution is comonotone. So any full-commitment optimal
outcome distribution is stable.

A7.  Proof of Proposition 5

We begin by establishing a lemma that will be useful for proving proposition 5.

LEMMA 4. Suppose that the message space M s a finite subset of R, the infor-
mation structure N € A(® x M) is comonotone, and the receiver’s payoff func-
tion uy is strictly supermodular. Consider a receiver strategy o : M — A defined by

o(m) € arg max> N0, m)ux (0, a).

acA ]

The outcome distribution m € A(® x A) induced by (N, 0) is comonotone and
ug-obedient.

Proof. The fact that 7 is ug-obedient follows from Bergemann and Morris
(2016). We will prove that 7 is comonotone. Suppose by contradiction that 7 is
not comonotone, so there exists (61, a1), (s, @) € supp(w), such that @ > a and
0, < 0,. We will show that this leads to a contradiction.

Let My = {me M:\6,,m)>0} and M, = {m e M:\(0s, m) > 0}. Since
(01, a1),(05, as) € supp(w), there exists m; € M, and my € M, such that o(m) =
@ and o(my) = a. In additional, m; < my because 6; < 6, and N is comonotone;
furthermore, m; # my; because o(m) # o(my), so m < my.

Let ©, = {# € ©@: N0, m) >0} and ©, = {6 € ©:\(0, m) > 0}. Since ¢ best
responds to each message, we have

S (0, )~ 00 5202 S nld )~ w0 0] 300

90, M ( m 9co, Nt ( my)

(14)
Furthermore, since X is comonotone and m; < my, foranyf € ©, and 0 € ©,,6 < ¢,
which implies max ©, < min ®,. Together with the supermodularity of u, we have

n;egx{uR(B, @) — w(0, a)} < ﬂi(_)p{uk(e', @) — w(0, a)}.

So

3 liw(b @) ~ (6, @) B < a6, ) ~ (6. )
< min{u(0, @) = w (0, @)} (15)
< w0, @) — w(l, a)] M

g0, Sy ( m?) .
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Combining (14) and (15), we have

GE@[UR(O, @) — ux(0, @)] );\(ji::l)) = ns[i%,x{“R(e’ @) — w0, @)} =0
and
(0. 0) ~ ] 3 = i 8, ) — (8 )} = 0

s0 wr(0, @) = ur(0, @) for all § € O, U O,.
But recall that 6, 6, € ®; U O, and 6, < 0,, and from the strict supermodularity
of u,

uR (01, @) — ur (01, @) < ux(0s, @) — ur(0s, o),

which leads to a contradiction. QED

Proof of proposition 5. Let 7 be a sender-optimal stable outcome distribution
under preferences (us, ug). By theorem 1 and lemma 1, 7 is comonotone.

Now under the more aligned preferences (us, uy), suppose that the sender uses
the information structure N = 7 with message space M = supp(w,4), and let ¢’ be
the receiver strategy that best responds to each message from 7, with ties broken
in favor of the sender. By lemma 4, the outcome distribution #’ induced by the
profile (m, ¢') is comonotone and wu;-obedient. By theorem 1 and lemma 1, 7
is a stable outcome distribution under preferences (us, ).

It remains to show that the sender obtains a higher payoff from 7’. For each
belief p € A(®),

a(p) € arg max> u(0)ur (0, a) and @' (p) € arg max’> u(0)ux (0, a)

acA [ acA [

denote the receiver’s best response to belief u, with ties broken in favor of the
sender. Note that since ¢ breaks ties in favor of the sender,

Exiolus(6,6(a))] = Exo[us(0, @ (x(-|a)))] for all a & M. (16)
By contrast,
E,,W)[US(O, d)] < EW(.‘(,)[U,S(G, Zl(7’r(|d)))] forallae M (17)

since ™ may not be the result of a sender-favoring tie-breaking strategy.
So

E.[us(6, a)] = E.[us(0, 0(a))]

= E.[us(0, a)],



2268 JOURNAL OF POLITICAL ECONOMY

where the first line above follows from the definition of 7, the second line is the
law of iterated expectation, the third follows from (16), the fourth line follows
from the preferences (us, uz) being more aligned than (us, ux), the fifth follows
from (17), and the last equality is again the law of iterated expectation.

So the sender obtains a higher payoff from 7’ than 7. Since 7’ is also stable under
preferences (us, uy), this completes our proof. QED

AS. Proof of Proposition 6

For each buyer’s belief over quality, u € A(®), let 8, denote the smallest 6 in the
support of u; in addition, let ¢, (x) = E,[v(8)|6 < x] denote the corresponding ex-
pected value to buyers when the quality threshold is 6 < x.** Clearly, ¢, (+) is weakly
increasing and ¢,(1) = E,[v(0)].

LemMa 5. For every p € A(®), there exists a largest fixed point 0. € (0,,1)
such that ¢,(6) = 6. Moreover, for any 0 € (6;, 1], $,(0) < 6.

Proof. Since ¢,(0,) = v(0,) >90,, ¢,(1) = E,[0(d)] <1, and ¢,(-) is weakly in-
creasing, from Tarski’s fixed point theorem, there exists a largest fixed point
0; € (6,,1) such that ¢,L(0f:) = 0. To see the second statement, suppose that
there exists 6 € (6, 1) such that ¢, (#) > 6; again from Tarski’s fixed point theo-
rem, there exists a fixed point §' € (Gf, 1), which contradicts oy being the largest
fixed point. QED

LEMMA 6. Let N € A(® x M) be an information structure, and for every
m e M, let p,, € A(®) denote the buyers’ posterior belief after observing mes-
sage m. The following strategy profile is a Bayesian Nash equilibrium in the game
(G, N): as(6,m) = 0, B1(m) = By(m) = 0.

Proof.  For every message m, since ¢, (0i.) = .., each buyer’s expected payoff
is 0. Any deviation to alower bid also gives a payoff of zero. From lemma 5, for any
0 € (65, 1], $,.(0) < 6,50 any deviation to a bid higher than §. would lead to a neg-
ative payoff. Therefore, no buyer has an incentive to deviate. QED

Lemma 7. Let (%, 0) be a WD-IC profile. For each message m, let p(m) =
max{g; (m), B, (m)} denote the equilibrium market price in the game (G, \*).
Then ¢, (p(m)) = p(m) for each m € M.

Proof.  Suppose ¢, (p(m)) < p(m); then the winning buyer’s payoff is negative
and can profitably deviate to bid 0. Now suppose ¢, (p(m)) > p(m); we show that
at least one buyer has an incentive to bid a higher price.

If 8} (m) # B, (m), then the losing bidder can profitably deviate. Since ¢, (-) is
weakly increasing, there exists small enough ¢ such that ¢, (p(m) + ¢) > p(m) + e.
So the losing bidder can deviate to bidding p(m) + ¢ and receives a strictly positive
payoft.

If B (m) = B, (m) = bforsome b, we show that both buyers have an incentive to
deviate. Let K = ¢, (b) — b > 0. Since ties are broken evenly, each buyer’s payoff
is (1/2)P, (0 < b)K. By letting ¢ < (K/2), we have

q&,tm(b-i-s)—b—ezqﬁ#m(b)—b—e:K—s>§.

22 For x less than 0,, we set ¢,(x) = v(0,).

Zh
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So if either of the bidders deviates to bidding b + ¢, he receives a payoff of P, (6 <
b+e)p,.(b+e) —b—el>(1/2)P, (8 <b)K, which is profitable. QED

Lemma 8. If a profile (N*, 0™) is credible and WD-IC, then there exists a set
E C ® x M such that N*(E) = 1, and for any (8, m), (¢, w') € E,

max{0, p(m)} + max{@, p(m')} = max{0, p(m')} + max{0, p(m)}.

Proof.  Since (N, 0™) is WD-IC, trade happens only when the seller’s ask price
o*(0, m) = 0 is higher than the prevailing market price p(m) = max{g; (m),
B:(m)}. The seller’s payoff function can therefore be simplified as

us(6, 67 (0, m)) = us(6, o (6, m),ﬁ?(m),ﬁj(m)) = max{0, p(m)}.

Recall that credibility requires

\ € arg max J us (0, a*(0, m))dN (6, m).
NeD(N)

Let vs(0, m) = us(0, 0*(0, m)) = max{6, p(m)}. From theorem 1 of Beiglbock

et al. (2009), N is vgcyclically monotone. That is, there exists a set £ C @ x M

such that N*(E) = 1, and for any sequence (0;, m);-, € E,

Evs(ek, mk) 2 Z'Us(ek, Myt )-
k=1

i=1
Suppose (8, m), (¢, m') € E; then v-cyclical monotonicity implies that
vs(0, m) + vs(0/, m') = vs(0, m') + us(0', m),
which is
max{0, p(m)} + max{0, p(m')} = max{0, p(m')} + max{0', p(m)}.

QED

In light of lemma 8, for every credible profile (\*, ¢™), we will focus only on
pairs (0, m) € E. We will use proj,(E) = {m € M:(§, m) € E} to denote the pro-
jection of E onto the message space.

Let P = inf{p(m)|m € proj,(E)} be the infimum of trading prices across all
messages. For each message m, let ®(m) = {0:(6, m) € E} be the set of § that is
matched with m.

LEmMA 9. Let (N, ¢*) be a credible and WD-IC profile. For every message
i € proj,(E) such that p = p(in) = max{B; (), Bs ()} > P, we have ©(i) N
(b,0) = @.

Proof. To prove the lemma, suppose by contradiction that there exists
6 € ©() N (P, ). By the definition of £, there exists #/ with < § < # such that
P = p(m') for some m' € proj,(E). Since in equilibrium p = E, [v(6)|0 €
O(m') N[0, ], there also exists # € @(m') such that ¢ <. Since (0, m'),
(8, i) € E, by lemma 8, we have

max {0/, p} + max{f, p'} < max{#, '} + max{0, p}.
Since ¢ < p' by construction, we have

max{0, p} + max{, p'} < p + max{d, p}. (18)
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Note also that
P+ max{8,p} <p+0. (19)

The 1nequahty above follows by considering two p0991b111t1es for max{f, p}: either
0> p, {in which case p' + max{@ Py = +0<p+80rd<p,inwhich case p +
max{0, p} = p/ + p < p + 0 as well.

Combining (18) and (19) and noticing < ' < p and p' < 8 yield

max{6, p} + max{@,p’} <p+ 6= max{6’, p} + max{@,p’},

which is a contradiction. QED

Proof of proposition 6. 'To prove our result, we first calculate the seller’s profit
from an arbitrary credible and WD-IC profile (\*, 6¥). We then show that there
exists another credible and WD-IC profile (N°, ¢°), where A’ is a null information
structure, that leads to weakly higher profit for the seller.

Recall that the seller’s payoff function can be written as us(6, 0*(6, m)) =
max{6, p(m)}, so her ex ante profit is

J max{f, p(m)}dN* (0, m) = H max{0, p(m)}AN" (6] m) ANy (m)

1

I ptmaxcom + [ _oax ] i
J,

{ ) P (6 < p(m)) + Jl

p(m)

0N (G\m)} ANy (m).
By lemma 7, p(m) = Ey.,[v(0)|0 < p(m)], so we can write the integral above as

JM [Ex*wm)[v(a)w < p(m)|Peguy (0 < p(m)) + L(med)\*(ﬂm)} Ny (m)

p(m) 1

= J U v(0)dN*(8|m) + J Gd)\*(0|m)] ANy (m).
M LJo p(m)

By lemma 9, for every m € proj,(E), if p(m) > P, then @(m) N (P, o) = &, so the

seller’s profit from (\*, ¢*) can be further simplified to

JM [rv(e)d)\*(9|m) + Llﬁd)\*(ﬂm)} AN (m)

0

» 1 (20)
- J’vw)duo(e) + L Odpa0).

0

Having calculated the seller’s profit from (\", 6™, next we will construct another
credible and WD-IC profile (\°, ¢°) with a weakly higher profit, where A, is the
null information structure py X 6,,.

From lemma 9, for every m € proj,(E),

.. (p(m)) = E.[v(0)|0 < p(m)] = E, [0(0)|0 < P] = ,.(P);

in addition, from lemma 7, ¢, (p(m)) = p(m) for every message m € proj,, (E).
Combining these yields
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6. (L) = ¢, (p(m)) = p(m) = P.

Taking expectation over all messages, we have ¢, (?) > P. By Tarski’s fixed point
theorem, there exists a largest p° € [#, 1) such that the ¢, (p°) = p'.

When we use a similar argument as that in lemma 6, the strategy profile o°
where the seller plays her weakly dominant strategy o’ (6, my) = 6 and buyers play
Bl (my) = B3(my) = p° is a Bayesian Nash equilibrium in the game (G, \).

It remains to show that the seller’s profit from (A\°, ¢°) is weakly higher than
that from (\*, ™). Under (\’, ¢°), the seller’s profit is

1

1 2
[, max(0, 1)) = [ 4 uo®) + | o)

P

= JR0 < ) + | 0au0)

(21)

= B[0(0)0 = F1R.0 = 1)+ | P

_ J’”v(@)duo(e) T Lyedu{,(e).

0

When we compare (20) and (21), since $° > P and v(6) > 6 for all 6, it follows that

a 1 4 1
J o(0)dpo + J”ed#(, > J o(6)dpo + J{ O,

0 Vi 0 r

The seller’s profit under (\’, 0°) is therefore weakly higher than that from (\*, 0™).
QED
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